Polynomial automorphisms
For simplicity, I will explain everything in dimension 2. Let K be a field. If F 1 , F 2 ∈ K[X, Y ] then we write F := (F 1 (X, Y ), F 2 (X, Y )) is a polynomial endomorphism. One can see such a map in several ways:
As an element of (K[X, Y ])
2 , this is how I explained it above.
2. As a map K 2 −→ K 2 , induced by polynomials. The map sending (a, b) ∈ K 2 to (F 1 (a, b), F 2 (a, b)) ∈ K 2 .
As a map K[X, Y ] −→ K[X, Y ], sending p(X, Y ) to p(F 1 (X, Y ), F 2 (X, Y )).
Let's stick to point 1 for the moment. We say that I := (X, Y ) is the identity map. If F, G are polynomial maps, we can make their composition F • G := (F 1 (G 1 , G 2 ), F 2 (G 1 , G 2 )). If F • G = I, then we say that G is the inverse of F . (Automatically, G • F = I.) We say that F is a polynomial automorphism.
Note that polynomial automorphisms include all invertible linear maps (or "nonsingular matrices" if you like that more). Just to give you one example of a "nontrivial" polynomial automorphism: (X + Y 2 , Y ) has as inverse (X − Y 2 , Y ).
However, the converse is only true if K is infinite!! Since we are talking exactly about the finite field case, we do NOT have this situation here! For example, (
What does "odd" mean?
From now on, K = F q , a field with q elements. If you have a polynomial automorphism F , then it induces a map E(F ) :
It's not just a map, it is a bijection of F 2 q . Since these are q 2 elements, one can see E(F ) as an element of the symmetric group with q 2 elements. In general, in dimension n:
Obviously, you can get any endomorphism of F 2 q induced by an element of (
(even in dimension 1 !) and hence any element of Sym(q n ) can be given by an element of (
But, what about which bijections are induced by polynomial automorphisms? This question is partially answered in [1] , and the answer is quite surprising: The group Alt(q n ) is the alternating subgroup of elements which are even. Obviously, the above theorem is screaming the question: do there exist elements of Sym(q n )\ Alt(q n ) which can be obtained as the image of a polynomial automorphism over F 4 , F 8 etc.? So let us repeat the problem:
Problem: Do there exist odd polynomial automorphisms over the finite fields
Why is it important?
If one can find an odd polynomial automorphism, then it has many consequences!! Such an automorphism will single-handedly kill quite a few conjectures. But before I can explain why, I have to throw some theory at you (which is easy enough to read before going to bed, or while having a headache, or both).
Let us denote the polynomial automorphism group in dimension n over K by GA n (K). One of the big problems in my field (affine algebraic geometry) is trying to understand the group GA n (K). There are quite a few problems that we can only address when we have understood the automorphism sufficiently enough.
At the moment, we don't even know if we have a generating set for the polynomial automorphism group in dimension 3 and higher!!
We have a reasonable description in dimension 2, which then has as a side effect that many results are only known in dimension 2 and not beyond!!
Tame automorphisms
First, let us make some polynomial automorphisms. As we already noticed, all invertible linear maps are polynomial automorphisms. So:
Then we have a class of very simple polynomial automorphisms. The elementary ones. They look like this:
where f ∈ K[X 2 , . . . , X n ] arbitrarily. Its inverse is the elementary map where you replace f by −f . If you compose a few of them, you can make any triangular map
(This is only an example in dimension 3, but it suffices to understand the dimension 3 case.) Now
and thus any of such triangular maps is invertible. The set of these maps has many names: two are Jonquiére group and Triangular group. It is denoted by
since it resembles the Borel subgroup of the linear maps (the triangular linear maps).
(In fact, BA n (K)∩GL n (K) = B n (K), the Borel group.) Now you can make the group generated by BA n (K) and GL n (K), which is called the tame automorphism group:
We call automorphisms tame if they are elements of TA n (K) and wild otherwise. In dimension 2 there is the famous Jung-van der Kulk-theorem, which states among others (for any field K):
This is the reason why we can do so much more in dimension 2: we have a set of generators of the automorphism group, and even quite a nice description of it. Now in dimension three or higher there were some candidate examples of which no one knew if they are tame or not. The most famous is Nagata's map: The biggest breakthrough in the last twenty years in our field was the proof in 2004 of Shestakov-Umirbaev [2, 3] , which showed that Nagata's map (and others) were not tame. That was and is an amazing result, which surprised our community. For these papers, they got the AMS 2007 Moore Prize (a "best paper award" given every three years [4]). It's quite a nontrivial paper, and has lots of technicalities. For now, it only works in characteristic zero. Now, in [1] the above theorem 2.1 was actually the following:
In other words, if you find an "odd" polynomial automorphism over for example F 4 , then it cannot be tame ! Checking that a concrete polynomial automorphism is odd, can be easily done by computer or by hand. So, that would be a very, very easy proof of an automorphism being non-tame, giving you a great result in a one-page paper.
As you can guess, all examples I and some others have tried so far are even. But, I do not know what to believe! There are nowadays several ways to make automorphisms, and it is very unclear if not one of these could be odd.
On the other hand, one could try to prove that some classes of polynomial automorphism over F 4 , F 8 , . . . are even. These are nice, concrete questions which you can work wit.
If you are ambitous, you could try to do this for all polynomial automorphisms, solving the problem. (If you don't believe there are odd polynomial automorphisms.) But it is hard to use the input that you have a polynomial automorphism in this particular problem! My guess is that one should consider a larger class of polynomial endomorphisms, and prove something about them. This approach could lead to something, I think. If there are no odd polynomial automorphisms, that is. . .
More consequences of an odd automorphism
There are several conjectures on generating sets of automorphism groups. Some of them would be killed by an odd automorphism.
Conjecture 4.1. GA 3 (K) is generated by the automorphisms fixing one variable.
. . then you can show that any automorphism fixing one variable is even. For, let (F 1 (X, Y, Z), F 2 (X, Y, Z), Z) be such an automorphism, then for any value Z = a ∈ K, (F 1 (X, Y, a), F 2 (X, Y, a)) must be an automorphism in dimension 2. Here we have the Jung-van der Kulk theorem, so this map is even. So, on each surface K 2 × {a} the map is even. So the total map is even too.
Conjecture 4.2. GA n (K) is generated by all linearizable automorphisms.
An automorphism F is linearizable if there exists another automorphism ϕ such that ϕ −1 F ϕ is linear. Since all linear maps over F 4 , F 8 , . . . are even, this conjecture would imply that each map is even, as being even or odd is invariant under conjugation.
